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We study inelastic (dynamical) impurity scattering effects in two-band superconductors with
the same (s++ wave) or different (s± wave) sign order parameters. We focus on the enhancement
of the superconducting transition temperature Tc by magnetic interband scattering with the
interchange of crystal-field singlet ground and multiplet excited states. Either the s++-wave
or s±-wave state is favored by the impurity-mediated pairing, which depends on the magnetic
and nonmagnetic scattering strengths derived from the hybridization of the impurity states
with the conduction bands. The details are examined for the singlet-triplet configuration that
is suggestive of Pr impurities in the skutterudite superconductor LaOs4Sb12.
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1. Introduction
The study of impurity effects on multiband super-
conductivity is stimulated by the discovery of high-
temperature (high Tc) superconductors with FeAs lay-
ers,1–8) while it has been performed for another high-
Tc superconductor, MgB2.
9–11) One of the interesting
points for the impurity problem is their anisotropic band
property. In particular, much attention is paid to the
s±-wave pairing state characterized by sign reversal of
order parameters with full gaps.12–16) For a depairing
effect caused by impurity scattering, the s±-wave state
behaves like d-wave pairing rather than the conventional
s-wave state.17) Multiband properties are also reported
in the heavy-fermion superconductor PrOs4Sb12 whose
higher Tc than LaOs4Sb12 implies a crucial role of the
Pr f -electron states.18, 19) Interband scattering due to
impurities may be important in the multiband, the roles
of which remain to be elucidated.
Recently, Senga and Kontani have studied the effects
of intraband and interband nonmagnetic impurity scat-
terings in the s±-wave state using a simple two-band
BCS model.20, 21) They found that Tc is not markedly
suppressed when the intraband and interband scatter-
ing strengths are not equal and are sufficiently strong.
We also applied a similar model in a magnetic impu-
rity case and solved a single-impurity problem.22) For
the interband scattering in the s±-wave state, the roles
of magnetic impurities are equivalent to those of nonmag-
netic impurities for the intraband scattering.17) Very re-
cently, it has been reported that Tc is not markedly sup-
pressed so much by the interband magnetic scattering.23)
These results imply a possibility of Tc enhancement
due to magnetic impurities having an internal structure.
Such enhancement was argued by Fulde et al. for non-
magnetic impurities in single-band superconductors.24)
An attractive interaction stems from inelastic nonmag-
netic scattering by impurities, which is analogous to the
electron-phonon origin of BCS superconductors. Tc can
be enhanced by doping such impurities with appropriate
crystal-field level splitting, while it is suppressed by mag-
netic impurities.24) This idea has recently been applied to
a skutterudite superconductor La1−xPrxOs4Sb12 to ac-
count for the Tc enhancement by Pr substitution for La
in LaOs4Sb12.
25) Since only a single band is considered
there, one always finds that magnetic impurities cause
Tc suppression. However, this conventional understand-
ing has to be reexamined for multiband superconduc-
tors. In the case of s±-wave superconductivity, magnetic
impurities for intraband scattering behave like nonmag-
netic impurities for interband scattering, and vice versa.
Accordingly, we can expect Tc to be enhanced by the
inelastic (dynamical) magnetic scattering.
In this paper, we extend the theory of Fulde et al.24)
and show a case of magnetic impurities in the s±-wave
state in §2. Considering spin-dependent interband scat-
tering, we examine a self-energy in the Born approxi-
mation to derive a gap equation for two bands. The in-
crease in Tc is associated with the sign change of the
superconducting order parameter via the inelastic impu-
rity scattering. It is demonstrated for the s±-wave state
whose Tc is enhanced by the magnetic interband scatter-
ing due to the singlet-singlet configuration. In §3, we also
show some typical examples of the corresponding inter-
band scattering. There are various octupolar (combina-
tion of spin and orbital) scattering types that increase
Tc accompanied by an interchange between two crystal-
field singlet states. The same argument is applied to the
singlet-multiplet configuration that can be realized for
such f -electron impurities as rare-earth or actinide ions
embedded in cubic or uniaxial anisotropic (tetragonal or
hexagonal) crystals. For the singlet-doublet, we discuss
the s±-wave and s++-wave combination via intraband
scattering. The s++-wave pairing is characterized by the
same sign order parameters of the two bands. We show a
possible crystal-field splitting for Tc enhancement, how-
ever, Tc is suppressed by the competition between mag-
1
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netic and nonmagnetic scattering effects. For the singlet-
triplet, we find a case in which the s++ wave is favorable
for the Tc enhancement by magnetic interband scatter-
ing. Which is chosen, the s± wave or the s++ wave, by the
impurity-mediated pairing depends on (1) the scatter-
ing type (dipole, quadrupole, octupole, etc.) and (2)the
hybridization between the impurity atomic orbitals and
conduction bands. The details are described for an impu-
rity with the singlet-triplet configuration. Its application
to Pr impurity effects in the LaOs4Sb12 superconductor
is discussed in §4. Conclusions are given in §5.
2. Formulation for Tc Enhancement
In this section, we present a formulation for Tc en-
hancement by inelastic impurity scattering in multiband
superconductors. First, we briefly review a work by Fulde
et al. for single-band superconductors.24) Then, we ex-
tend it to a two-band system as a simple case of multi-
band and give an example to understand multiband ef-
fects on Tc.
2.1 Inelastic impurity scattering and Tc enhancement
in single-band superconductors
Let us begin with the model Hamiltonian H = HC +
HI+H′ that consists of conduction electronHC, impurity
HI, and impurity scattering H′ terms. The first term is
written as
HC =
∑
σ
∫
drψ†σ(r)ǫ(−i∇)ψσ(r)
−∆
∫
dr
[
ψ†↑(r)ψ
†
↓(r) + ψ↓(r)ψ↑(r)
]
. (1)
Here, ψσ(r) is a field operator of the conduction election
of the σ(=↑, ↓) spin whose kinetic energy is expressed by
the operator ǫ(i∇) = −∇2/2me−EF measured from the
Fermi energy EF, where me represents the electron mass
and the Planck constant ~ is taken as unity. ∆ is the s-
wave superconducting order parameter that we assume
to be a real value. The Hamiltonian HI for the impurity
states is given by
HI =
∑
Rγ
∑
m
δma
†
γmaγm. (2)
Here, Rγ represents the position of the γth impurity.
a†γm and aγm are the pseudo-fermion creation and an-
nihilation operators, respectively, for the mth impurity
energy level δm at the γth impurity site.
26) The interac-
tion Hamiltonian at the impurities is defined by
H′ =
∑
Rγ
∑
mn
∑
σ
∫
dra†γmaγnδ(r −Rγ)Mmnψ†σ(r)ψσ(r).
(3)
We consider here only nonmagnetic impurity scattering
since magnetic impurity scattering cannot enhance Tc in
a single-band case.24) Mmn is a matrix element that de-
scribes the scattering of conduction electrons accompa-
nied by an interchange among the mth and nth energy
levels.
We introduce the following 4 × 4 matrix form of the
thermal Green’s function:
Gˆ(τ, r, r′) = −〈TΨ(r, τ)Ψ†(r′, 0)〉, (4)
where Ψ(r) and Ψ†(r) are four-dimensional vectors de-
fined as
Ψ(r) =


ψ↑(r)
ψ↓(r)
ψ†↑(r)
ψ†↓(r)

 ,
Ψ†(r) =
(
ψ†↑(r) ψ
†
↓(r) ψ↑(r) ψ↓(r)
)
, (5)
with their Heisenberg representations
Ψ(r, τ) = eHτΨ(r)e−Hτ , Ψ†(r, τ) = eHτΨ†(r)e−Hτ .
(6)
In the absence of impurity scattering, the unperturbed
Green’s function is Fourier-transformed to
Gˆ0(iωl,k) = − iωl + ǫkρˆ3 +∆ρˆ2σˆ2
ω2l + ǫ
2
k
+∆2
, (7)
where σˆα and ρˆα (α is denoted by 1, 2, and 3 instead of x,
y, and z, respectively, hereafter) are the Pauli matrices
for the spin space and particle-hole space, respectively.
Similarly, the matrix for impurity scattering is given by
Uˆmn =Mmnρˆ3. (8)
Following Fulde et al.,24) we study the Tc enhancement
on the basis of the second Born approximation. For the
scattering matrix Uˆmn in eq. (8), Fig. 1 shows the self-
energy given by
Σˆ(iωl) = −nimpT 2
∑
mn
∑
ω1ω2
1
iω1 − δm
1
iω2 − δn
× 1
Ω
∑
k
UˆmnGˆ0(iωl + iω1 − iω2,k)Uˆnm. (9)
Here, nimp represents the impurity density. 1/(iω1− δm)
is an unperturbed Green’s function for the mth impu-
rity energy level. ω1 and ω2 are Matsubara frequencies
for fermions. Ω represents the system volume. The Boltz-
mann constant kB is taken as unity. The important point
is that ∆ in eq. (7) changes its sign with the UˆmnGˆ0Uˆnm
transformation. This is a key to the Tc enhancement due
to the inelastic impurity scattering, by analogy with the
optical phonon case leading to an attractive interaction
for pairing.24) On the other hand, for the elastic impurity
scattering, the pairing interaction is cancelled out by a
depairing effect.
In the presence of the impurities, the linearized gap
equation is given by
∆ log
Tc
Tc0
= πTc
∑
l
∆
|ωl|
[
Σ∆(iωl)− iΣω(iωl)
ωl
]
, (10)
where Tc (Tc0) is the transition temperature in the pres-
ence (absence) of impurities. Σ∆ and Σω are self-energies
corresponding to the order parameter and Matsubara fre-
quency components, respectively.24) In Green’s function,
the renormalized frequency ω˜l and the order parameter
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Fig. 1. Feynman diagram of self-energy in the second Born ap-
proximation.
∆˜l are given by
ω˜l = ωl + iΣω(iωl), ∆˜l = ∆[1 + Σ∆(iωl)]. (11)
The self-energy in Fig. 1 leads to different signs of Σ∆
in eq. (10) between time-reversal invariant scattering
and non-time-reversal invariant scattering.24) The former
(nonmagnetic scattering in a single band) contributes to
Tc enhancement. In a simple case of two energy levels
(δ2 > δ1), after the lengthy calculation of the self-energy,
we obtain each term on the right-hand side of eq. (10) as
πTc
∑
l
1
|ωl|Σ∆(iωl) = −
π
8Tcτ12
f∆(x),
f∆(x) = − tanhx
x
+A(x) − 1
2
B(x), (12)
πTc
∑
l
i
|ωl|
Σω(iωl)
ωl
= − π
8Tcτ12
fω(x),
fω(x) = −1 + tanh2 x− 1
2
B(x),
1
τ12
= 2πnimpN0|M12|2,
with
x =
δ2 − δ1
2Tc
> 0, A(x) = S1(x) tanh x, B(x) = S2(x) tanhx,
(13)
S1(x) =
4x
π4
Re
∞∑
n=0
ψ
(
1 + n− ix
π
)
− ψ
(
1
2
)
(
n+
1
2
)(
n+
1
2
− ix
π
)2 ,
S2(x) =
8
π3
Im
∞∑
n=0
ψ
(
1 + n− ix
π
)
− ψ
(
1
2
)
(
n+
1
2
− ix
π
)2 .
Here, τ12 represents the lifetime due to the impurity scat-
tering. N0 is the density of states at the Fermi energy.
ψ(x) is the digamma function. As a consequence, eq. (10)
leads to a gap equation for the nonmagnetic scattering
(τ12 is denoted by τ
0
12),
8Tc
π
τ012 log
Tc
Tc0
= −f∆(x) + fω(x) ≡ f0(x) > 0, (14)
and to that for the magnetic scattering (τ12 is denoted
by τ s12),
8Tc
π
τ s12 log
Tc
Tc0
= f∆(x) + fω(x) ≡ −fs(x) < 0. (15)
These equations show that for any finite crystal-field
splitting, Tc is enhanced by nonmagnetic impurities in
single-band s-wave superconductors, while it is sup-
pressed by magnetic impurities.24) For the nonmagnetic
scattering in eq. (14), we note that Tc keeps Tc0 for x = 0
(elastic scattering) that gives f0(0) = 0 [f∆(0) = fω(0) =
−1], while |f∆(x)| > |fω(x)| [f∆(x) < 0, fω(x) < 0] for
x > 0 leads to Tc > Tc0. Once the two levels are split,
the exchange scattering process gives rise to an attrac-
tive interaction for pairing, by analogy with the optical
phonon effects in superconductivity.24)
We would like to mention a linear combination of
eqs. (14) and (15), [f0(x)/τ
0
12 + fs(x)/τ
s
12], which is de-
rived from the singlet-multiplet configuration since both
magnetic and nonmagnetic scatterings coexist. In this
case, the weight of f∆(x) becomes smaller in the com-
bined equation, so that x has to be sufficiently large
to satisfy the condition |f∆(x)| > |fω(x)| for Tc en-
hancement. The details will be examined for the singlet-
doublet configuration in §3.2.
2.2 Extension to multiband superconductors
2.2.1 Bulk property
Before extending the above single-band case to a two-
band one, we briefly review the earlier works by Shul
et al.27) and Kondo28) for multiband superconductivity.
The unique property of the multiband is described by
the following model Hamiltonian:
Hbulk =
∑
µ=±
∑
σ=↑,↓
∑
k
ǫkµc
†
kµσckµσ
+
∑
µ,µ′=±
∑
kk′
Vµµ′c
†
kµ↑c
†
−kµ↓c−k′µ′↓ck′µ′↑. (16)
Here, the first term represents the kinetic energy for the
µ(= ±) conduction band and c†
kµσ (ckµσ) is the creation
(annihilation) operator. The second term represents the
interaction between electrons with coupling constants
Vµµ′ : µ = µ
′ for the intraband and µ 6= µ′ for the in-
terband. Tc is determined by the following form of the
linearized gap equation:( −V++N0+ −V+−N0−
−V−+N0+ −V−−N0−
)(
∆+
∆−
)
=
1
log [(2eγωc)/(πTc)]
(
∆+
∆−
)
. (17)
Here, ∆± and N0± are the order parameters and den-
sity of states at the Fermi energy for the µ = ± band,
respectively. γ(≃ 0.577) is Euler’s constant and we have
assumed the same cut-off energy ωc (≫ Tc) for the two
bands. Tc corresponds to a positive eigenvalue of the 2×2
matrix on the left-hand side of eq. (17). The multiband
superconductivity is characterized by whether the inter-
band interaction is attractive or repulsive. To see this
point clearly, let us consider a simple case of two iden-
tical bands, where V++ = V−− < 0, V+− = V−+, and
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N0+ = N0− = N0. The solution of eq. (17) is obtained
as
TcA =
2eγωc
π
exp
[
− 1
(|V++| − V+−)N0
]
,
TcB =
2eγωc
π
exp
[
− 1
(|V++|+ V+−)N0
]
. (18)
Here, TcA and TcB are the transition temperatures for
∆A =
∆+ +∆−
2
, ∆B =
∆+ −∆−
2
, (19)
respectively. When V+− < 0, TcA > TcB (TcB = 0 if
|V+−| > |V++|). This means that the higher Tc is due to
the attractive interband interaction for the order param-
eters with the same sign (∆+∆− > 0). Conversely, when
V+− > 0, the higher Tc is obtained for their opposite
signs (∆+∆− < 0). The former and latter are called the
s++-wave and s±-wave states, respectively.
2.2.2 Impurity effect
Although electron-phonon and Coulomb interactions
were taken into account as possible origins of the inter-
band interaction before,27, 28) we here propose inelastic
(dynamical) impurity scattering as another origin that
can give rise to Tc enhancement in multiband supercon-
ductors even if it is due to magnetic impurities. For this
purpose, we extend the work by Fulde et al. to a two-
band case.
Then, we reexamine the gap equation in eq. (10) for
a two-band s-wave superconducting state with order pa-
rameters, ∆µ for the µ band. In the absence of impu-
rities, the superconducting transition temperatures are
expressed as Tc0± for the µ = ± bands, respectively.
Here, the interband interaction is not taken into account
for simplicity (V+− = 0). Considering both magnetic and
nonmagnetic scattering processes, we obtain the follow-
ing linearized gap equation in the two-band case:
8Tc
π

 ∆+ log
Tc
Tc0+
∆− log
Tc
Tc0−


=
∑
X=0,s
1
τX12
[
f∆(x)λˆ
X
∆ + fω(x)λˆ
X
ω
]( ∆+
∆−
)
, (20)
where Tc is the transition temperature in the presence
of impurities. The energy difference x between the impu-
rity singlet ground and multiplet excited states is scaled
by 2Tc [see eq. (13)]. The matrices λˆ
X
∆ and λˆ
X
ω express
the impurity intraband and interband scattering contri-
butions to the self-energies, Σ∆(iω) and Σω(iω), respec-
tively:
λˆXξ =
(
λXξ,++ λ
X
ξ,+−
λXξ,−+ λ
X
ξ,−−
)
(ξ = ∆, ω). (21)
In the following study, it is convenient to use the or-
der parameters given in eq. (19), where ∆A and ∆B are
order parameters for the s++-wave and s±-wave states,
respectively. By the unitary transformation
ΛˆXξ = U
−1λˆXξ U, U =
1√
2
(
1 1
1 −1
)
, (22)
the linearized gap equation is rewritten as[
1
2
log
(
Tc0+
Tc0−
)(
0 1
1 0
)
+ Λˆ(x)
](
∆A
∆B
)
=
8Tc
π
log
(
Tc√
Tc0+Tc0−
)(
∆A
∆B
)
, (23)
Λˆ(x) =
∑
X=0,s
1
τX12
∑
ξ=∆,ω
fξ(x)Λˆ
X
ξ .
We can see that Tc, which is the superconducting tran-
sition temperature in the presence of impurities, plays a
role as an eigenvalue of the matrix on the left-hand side
in eq. (23). The largest eigenvalue corresponds to the
highest Tc. When Tc0+ = Tc0− for simplicity, only Λˆ(x)
is left on the left-hand side, and a positive eigenvalue of
Λˆ leads to Tc enhancement.
Next, we consider a case of two identical bands with
interband interaction (V+− 6= 0). In this case, the Tc val-
ues are different for the s++-wave and s±-wave states, as
given by eq. (18). In the absence of impurities, we intro-
duce transition temperatures Tc0A and Tc0B for the s++
and s±-wave states, respectively. For Tc in the presence
of impurities, the gap equation is expressed as[
1
2
log
(
Tc0A
Tc0B
)(
1 0
0 −1
)
+ Λˆ(x)
](
∆A
∆B
)
=
8Tc
π
log
(
Tc√
Tc0ATc0B
)(
∆A
∆B
)
. (24)
Here, the contribution of the impurities is expressed by
Λˆ(x) and it modifies the transition temperatures in the
bulk.
In the following part of this paper, we consider only
two identical bands without the interband scattering
(V+− = 0) to capture the essence of the Tc enhance-
ment caused by the inelastic scattering impurities, where
Tc0A = Tc0B = Tc0. We note that it is easy to extend the
formulation to Tc0A 6= Tc0B cases.
2.3 Example of magnetic interband scattering for Tc en-
hancement in s±-wave state
As mentioned above, Tc is enhanced by inelastic non-
magnetic impurity scattering in single-band s-wave su-
perconductors. In this subsection, we show that magnetic
interband scattering can also cause Tc enhancement in
multiband cases. For this purpose, we focus on the roles
of spin-dependent scattering in the s±-wave state, which
is suggested as one of possible superconducting states
realized in Fe pnictide superconductors.12, 13) As we will
see, the interband scattering is important for Tc enhance-
ment, which is unique to the multiband and is never seen
in the single-band case. In fact, neither intraband nor
elastic impurity scattering can be neglected in real sys-
tems. These effects cause Tc suppression. Whether Tc is
enhanced or not depends on how to balance the pairing
and depairing effects caused by impurities.
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Here, we extend the formulation given in §2.1 straight-
forwardly. The conduction electron part for the µ band
is given by
Hµ =
∑
σ
∫
drψ†µσ(r)ǫ(−i∇)ψµσ(r)
−∆µ
∫
dr
[
ψ†µ↑(r)ψ
†
µ↓(r) + ψµ↓(r)ψµ↑(r)
]
(µ = +,−). (25)
Here, ψµσ(r) is a field operator of the conduction election
for the µ band. ∆µ is the µ band superconducting or-
der parameter for the s±-wave superconductivity, where
∆µ takes a real value. For spin-dependent intraband and
interband scatterings at the impurities, the interaction
Hamiltonian is defined by
H′ =
∑
Rγ
∑
mn
∑
µν
∑
σσ′
∫
dra†γmaγnδ(r −Rγ)
×Mmn,µν · σˆσσ′ψ†µσ(r)ψνσ′(r), (26)
where σˆ is the Pauli matrix with the three components
σˆα (α = 1, 2, 3). As the corresponding spin exchange,
Mmn,µν is the scattering matrix element that depends
on the band components as well.
We introduce the following 4 × 4 matrix form of the
thermal Green’s function for the µ band:
Gˆµ(τ, r, r
′) = −〈TΨµ(r, τ)Ψ†µ(r′, 0)〉, (27)
where Ψµ(r) and Ψ
†
µ(r) are defined for each band as
Ψµ(r) =


ψµ↑(r)
ψµ↓(r)
ψ†µ↑(r)
ψ†µ↓(r)

 ,
Ψ†µ(r) =
(
ψ†µ↑(r) ψ
†
µ↓(r) ψµ↑(r) ψµ↓(r)
)
.(28)
Their Heisenberg representations Ψµ(r, τ) and Ψ
†
µ(r, τ)
are given in the same manner as eq. (6). After introducing
the unperturbed Green’s function
Gˆµ(iωl,k) = − iωl + ǫkρˆ3 +∆µρˆ2σˆ2
ω2l + ǫ
2
k
+∆2µ
, (29)
as in eq. (7), and combining the two-band forms, we use
the following 8× 8 matrix form of Green’s function:
Gˆ0(iωl,k) =
(
Gˆ+(iωl,k) 0
0 Gˆ−(iωl,k)
)
. (30)
In particular, for the s±-wave state (∆+ = −∆− = ∆),
it is rewritten as
Gˆ0(iωl,k) = − iωl + ǫkρˆ3 +∆τˆ3ρˆ2σˆ2
ω2l + ǫ
2
k
+∆2
, (31)
where τˆα (α = 1, 2, 3) is the Pauli matrix for the band
space. Similarly, the matrix for impurity scattering is
given by, for instance,
Uˆ =
∑
mn
∑
α=x,y,z
Uˆαmn,
Uˆxmn =M
x
mnτˆ1ρˆ3σˆ1, Uˆ
y
mn =M
y
mnτˆ1σˆ2,
Uˆzmn =M
z
mnτˆ1ρˆ3σˆ3. (32)
Here, τˆ1 represents the interband scattering. For the scat-
tering matrix Uˆ in eq. (32), the self-energy in Fig. 1 is
given by
Σˆ(iωl) = −nimpT 2
∑
mn
∑
ω1ω2
1
iω1 − δm
1
iω2 − δn
× 1
Ω
∑
k
∑
α
UˆαmnGˆ0(iωl + iω1 − iω2,k)Uˆαnm.(33)
As in the single-band case, ∆ in eq. (31) changes its
sign by the UˆαmnGˆ0Uˆ
α
nm transformation. This is a key to
the Tc enhancement by inelastic scattering also in the
multiband case.
We apply the above argument to the spin-dependent
interband scattering case such as eq. (32) that enhances
the Tc of the s±-wave superconductivity. In the calcula-
tion of the self-energy, the scattering matrix Uˆαmn satisfies
Uˆαmn(∆τˆ3ρˆ2σˆ2)Uˆ
α
nm = −|Mαmn|2(∆τˆ3ρˆ2σˆ2),
UˆαmnUˆ
α
nm = |Mαmn|2, (34)
which leads to
Λˆs∆ =
(
1 0
0 −1
)
, Λˆsω =
(
1 0
0 1
)
, (35)
1
τ s12
= 2πnimpN0
∑
α
|Mα12|2 , (36)
in eq. (24). Here, N0 represents the density of normal
electron states at the Fermi energy. We have assumed
here a singlet-singlet configuration for the energy levels
(m,n = 1, 2) of the impurity. Then, we obtain the fol-
lowing gap equation:
αs
( −fs(x) 0
0 f0(x)
)(
∆A
∆B
)
=
Tc
Tc0
log
Tc
Tc0
(
∆A
∆B
)
,
(37)
where x = (δ2−δ1)/(2Tc) and αs represents the strength
of the spin-dependent impurity scattering defined by
αs =
π
8Tc0τ s12
. (38)
In the gap equation, f0(x) = −f∆(x) + fω(x) > 0 and
fs(x) = −f∆(x)−fω(x) > 0 [see eqs. (14) and (15)]. This
means that Tc is enhanced for the s±-wave state. We
show the (δ2− δ1) dependence of Tc for various αs values
in Fig. 2. At δ1 = δ2, where the two impurity states are
degenerate, there is no Tc enhancement. When (δ2 − δ1)
is increased, Tc increases accordingly and takes a maxi-
mum value. In fact, Tc depends on two factors competing
with each other. One is the strength of the attractive in-
teraction between electrons as derived in the BCS theory.
The other is the energy region for the attractive interac-
tion related to the cutoff. The former is intensified by a
small (δ2− δ1), while the latter becomes large for a large
(δ2− δ1). In Fig. 2, one can see the maximum at approx-
imately (δ2 − δ1) ≃ 10Tc0. For (δ2 − δ1) → ∞, there is
no enhancement in Tc, since such a higher-lying energy
level does not contribute to the attractive interaction.
Thus, the order of (δ2 − δ1) ∼ Tc is the most appro-
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Fig. 2. (Color online) (δ2−δ1) dependence of Tc for various values
of αs.
priate for Tc enhancement by the interband scattering in
the s±-wave state. On the other hand, it must be pointed
out that Tc suppression is caused by elastic scattering
due to the impurity singlet ground state or by intra-
band scattering [for instance, τˆ1 is replaced by unity in
eq. (32)], which have been neglected here. The most im-
portant point is the internal structure of impurities that
intensifies the interband magnetic scattering to overcome
these pair-breaking effects.
3. Typical Impurity Interband Scattering for
Tc Enhancement
In §2.3, we have discussed Tc enhancement due to the
spin-dependent interband scattering in s±-wave states as
one of the examples, where the details of such impurity
scattering have been put aside. In this section, we study
typical impurity scattering for a singlet-multiplet config-
uration that can give rise to Tc enhancement in multi-
band superconductors. First, we show possible examples
for the singlet-singlet and next apply the same argument
to the singlet-multiplet case. In §3.2, we take account of
not only the interband impurity scattering effect but also
the intraband impurity scattering effect neglected in the
previous section.
3.1 Singlet-singlet configuration
In addition to the τˆ1 type in eq. (32) for the interband
scattering, there is another type of magnetic scatter-
ing,Mmnτˆ2, due to an orbital moment (spin-independent
scattering). Since it satisfies
τˆ2(τˆ3ρˆ2σˆ2)τˆ2 = −(τˆ3ρˆ2σˆ2), (39)
Tc can be enhanced by the impurity scattering for the
s± wave. Here, we consider realistic cases for Uˆ
z
mn =
Mzmnτˆ1ρˆ3σˆ3 and Uˆmn = Mmnτˆ2. In practice, we check
the possible symmetry of M12 for the singlet-singlet con-
figuration corresponding to each electron scattering type,
assuming local orbital symmetries of band electrons at
the impurity site. Although actual bands can include sev-
eral orbital components, we represent each band by an
orbital component that mainly contributes to the band
construction.
First, let us begin with the spin-dependent case,
Uˆzmn = M
z
mnτˆ1ρˆ3σˆ3. Within the subspace, ψb =
(ψ+↑ ψ+↓ ψ−↑ ψ−↓)
t, where t denotes transposition,
Uˆzmn is given as
Uˆzmn =M
z
mnτˆ1σˆ3 =M
z
mn


0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0

 . (40)
To identify the symmetry of electron scattering that de-
pends on orbital components, we here assume the yz and
xz orbital types for the µ = + and µ = − bands, respec-
tively. The wave functions ψyz,σ and ψxz,σ at an impurity
are connected to j = 3/2 angular momentum bases ψjz
(specifically, the Oh Γ8 point-group bases) by the follow-
ing unitary transformation as(
ψyz↑
ψxz↑
)
=
1√
2
(
i i
1 −1
)(
ψ3/2
ψ−1/2
)
,
(
ψyz↓
ψxz↓
)
=
1√
2
( −i −i
−1 1
)(
ψ1/2
ψ−3/2
)
. (41)
In this new basis set ψj=3/2 =
(ψ3/2 ψ1/2 ψ−1/2 ψ−3/2)
t, it is useful to classify
the scattering types (dipole, quadrupole, and octupole).
Uˆzmn in eq. (40) is transformed as
Uˆzmn → Mzmn


0 0 i 0
0 0 0 −i
−i 0 0 0
0 i 0 0


j=3/2 space
.
(42)
This matrix expression corresponds to the xyz type of
tensor for j = 3/2. In the local scattering at the impu-
rity, Mzmn has the same symmetry as xyz. In the cubic
point group,Mzmn expresses Oh Γ2 octupole coupling (Γ3
for D4h point group). This coupling is realized in the f
2
configuration (doubly occupied f -electron state). For in-
stance, it connects the D4h crystal-field ground state
|g〉 = c1(|4〉+ | − 4〉) + c2|0〉 (2|c1|2 + |c2|2 = 1),
(43)
with the first excited state
|e〉 = 1√
2
(|2〉+ | − 2〉), (44)
in the inelastic impurity scattering Uˆzmn. Here, |M〉 (M =
−4 ∼ 4) is an eigenstate of Jz for the J = 4 angular
momentum state in the f2 configuration. Within the two
crystal-field states, the scattering matrix is expressed by(
Mz11 M
z
12
Mz21 M
z
22
)
= |Mz12|
(
0 −i
i 0
)
. (45)
Next, we consider the spin-independent case, Uˆmn =
Mmnτˆ2. In the subspace ψb, we obtain
Uˆmn =Mmn


0 0 −i 0
0 0 0 −i
i 0 0 0
0 i 0 0

 . (46)
Assuming the yz and xz types for the two bands in this
case as well, Uˆmn is transformed to the j = 3/2 angular
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momentum basis expression as
Uˆmn → Mmn


−1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1


j=3/2 space
,
(47)
which expresses the combination of the z dipole and
z(2z2−3x2−3y2) octupole types of j = 3/2 electron scat-
tering. For the inelastic impurity scattering in this case,
Mmn represents the dipole coupling between two low-
lying singlet states, e.g., the ground state |g〉 in eq. (43)
and the excited state,
|e〉 = 1√
2
(|4〉 − | − 4〉), (48)
given as (
M11 M12
M21 M22
)
= |M12|
(
0 1
1 0
)
. (49)
Finally, we mention another pair of two-band types,
(2z2 − x2 − y2) and (x2 − y2). Applying the above argu-
ment, we find that the τˆ1ρˆ3σˆ3 type of electron scattering
is reduced to the z(x2 − y2) octupole type, and the τˆ2
type corresponds to the xyz octupole type expressed by
eq. (42). In Appendix A, we give a different analysis for
Uˆzmn.
3.2 Singlet-doublet configuration
Here, we devote ourselves to extending the present
theory of Tc enhancement to typical examples of impu-
rities with internal degrees of freedom. Orbital degrees
of freedom of conduction electrons give rise to magnetic
and nonmagnetic exchange scatterings, both of which
are considered here in the singlet-multiplet configuration.
Whether Tc is enhanced or suppressed depends on the ra-
tio of their scattering strengths that determines the signs
of the two-band superconducting order parameters: they
are the same (∆+∆− > 0) or different (∆+∆− < 0). For
the Tc enhancement, the crystal-field ground state must
be a singlet (a nonmagnetic doublet is also allowed). As
mentioned for the s±-wave state (∆+∆− < 0) in §2.3,
Tc suppression is caused by elastic scattering due to the
singlet, which is neglected here as well. First, we dis-
cuss a case of singlet-doublet configuration regarded as
an S = 1 local pseudo-spin. This S = 1 spin is not a spin
triplet but a spin and orbitally coupled state, as often
studied for f -electron systems. The latter can be real-
ized as an impurity low-lying state in a uniaxial (D4h
or D6h) crystal field. In the same framework, we tackle
a more complicated case of singlet-triplet configuration
discussed in the next subsection.
For spin and orbitally coupled impurity states, in gen-
eral, local orbital exchange occurs as well as spin ex-
change during electron scattering by the impurity mo-
ment. In the case of an SI = 1 pseudo-spin for an im-
purity, a spherical type of exchange interaction is ex-
pressed by coupling with, for instance, local Sc = 3/2
states, ψc = (ψ3/2 ψ1/2 ψ−1/2 ψ−3/2)
t, formed by con-
duction electrons. This local interaction Hamiltonian is
given by29)
Hloc = ψ
c†
(
JSS
I · Sc + JQ
5∑
η=1
QIηQ
c
η
)
ψc
+
1
3
∆CF
[
3
(
SIz
)2 − 2] , (50)
where a potential (elastic) scattering term is neglected.
The first and second terms represent dipolar and
quadrupolar exchanges with the coupling constants, JS
and JQ, respectively. The quadrupole operators (Q
I
η for
an impurity; Qcη for an electron) are defined as
{Qη, η = 1, · · · , 5}
= {SySz + SzSy, SzSx + SxSz, SxSy + SySx,
S2x − S2y , (2S2z − S2x − S2y)/
√
3}. (51)
The last term in eq. (50) introduces uniaxial (D4h or
D6h) anisotropy to the impurity states, and ∆CF (> 0)
is taken to determine a singlet ground state here. For
the SI = 1 pseudo-spin, it is sufficient to consider the
above dipoles and quadrupoles. We do not consider the
anisotropy of each exchange coupling that usually exists
in a realistic system, which does not affect the following
argument.
On the other hand, we introduce some assumptions to
electron states as follows. At impurity sites, partial waves
of conduction electrons are represented by Sc = 3/2. This
can be regarded as the Oh Γ8 point-group basis in a cubic
system. In general, actual conduction bands can include
all four components of Sc = 3/2, and their mixing is
expressed as
ψc = Vˆψb, ψ
c ≡


ψ3/2
ψ1/2
ψ−1/2
ψ−3/2

 , ψb ≡


ψ+↑
ψ+↓
ψ−↑
ψ−↓

 ,
(52)
where each element in the transformation matrix Vˆ is
given by the overlap of local orbital and band wave func-
tions such as 〈Scz |µσ〉 (µ = ±;σ =↑, ↓). To examine
the orbital roles in the superconductivity, we consider
here the simplest case in which two (±3/2) of the or-
bital components enter the + band and the other two
(±1/2) enter the − band. In the above Vˆ , we assume that
〈3/2|+ ↓〉 = 〈1/2|− ↑〉 = 〈−1/2|− ↓〉 = 〈−3/2|+ ↑〉 = V0
and that the other matrix elements vanish:
Vˆ = V0


0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0

 . (53)
Such a one to one correspondence clarifies the connec-
tion between the Sc = 3/2 pseudo-spin space and the
SU(2) spin ⊗ SU(2) band space, and the scattering ma-
trices are expressed simply by eqs. (B·9) and (B·10). Al-
though this simplification overestimates interband scat-
tering compared with intraband scattering, it helps us
examine what types of interband correlations are rele-
vant to the relative signs of order parameters and how
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intraband scattering modifies their relative amplitudes.
For the superconducting order parameters, we con-
sider both the s++ wave (∆+ = ∆−) and the s± wave
(∆+ = −∆−). Since we neglect any correlations between
the two bands except for the impurity scattering, the
local correlations directly affect the relative signs of or-
der parameters together with their amplitudes. This is
justified when the impurity effect is more relevant than
any other interband correlation such as an interband
Coulomb interaction. We respectively express the s++-
wave and s±-wave states as
∆ˆA = ∆Aρˆ2σˆ2 (s++ wave), (54)
∆ˆB = ∆Bτˆ3ρˆ2σˆ2 (s± wave), (55)
with the order parameters ∆A and ∆B, respectively. The
matrix for the order parameter is given by their combi-
nation as
∆ˆ = ∆ˆA + ∆ˆB. (56)
The relevant impurity scatterings for the singlet-
doublet configuration are described in Appendix B. First,
we examine properties of the dipolar and quadrupo-
lar scatterings separately. Let us start from the dipolar
(magnetic) scattering case where JS 6= 0 and JQ = 0
in eq. (50). Applying H′ in eq. (B·7) to calculate the
self-energy in Fig. 1, we obtain
Σˆ(iωl) =− nimpT 2
∑
n6=n′
∑
ω1ω2
1
iω1 − δn
1
iω2 − δn′
(√
2
)2
×
(
JS
2
)2
1
Ω
∑
k
(
Sc+Gˆ0S
c
− + S
c
−Gˆ0S
c
+
)
,
(57)
where Gˆ0 ≡ Gˆ0(iωl+iω1− iω2,k). δ1 (δ2) corresponds to
the energy level of the impurity singlet ground (doublet
excited) state (n, n′ = 1, 2) and δ2 − δ1 = ∆CF. The
factor (
√
2)2 comes from the second-order process S+S−
or S−S+ between the singlet and doublet states. Then,
we derive a gap equation. As in eq. (31), the Green’s
function Gˆ0 consists of three parts: iωl, ǫkρˆ3, and ∆ˆ. The
ǫkρˆ3 term disappears after the summation over k. The
other two parts are transformed by (Sc+Gˆ0S
c
−+S
c
−Gˆ0S
c
+).
For ∆ˆ,
Sc+∆ˆS
c
− + S
c
−∆ˆS
c
+
= (5∆A − 2∆B)ρˆ2σ2 + (−2∆A −∆B)τˆ3ρˆ2σˆ2
= ∆A′ ρˆ2σ2 +∆B′ τˆ3ρˆ2σˆ2. (58)
This means that the order parameters are transformed
as(
∆′A
∆′B
)
= ΛˆS∆
(
∆A
∆B
)
, ΛˆS∆ =
(
5 −2
−2 −1
)
.
(59)
Similarly, the iωl part is
Sc+iωlS
c
− + S
c
−iωlS
c
+ = iωl(5 − 2τˆ3). (60)
Since τˆ3 is the Pauli matrix for the ± band space, eq. (21)
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Fig. 3. (Color online) x [= ∆CF/(2Tc)] dependence of the highest
eigenvalue of the matrix τ¯12Λˆ(x) for Tc. The plot is shown for
fixed κ = J2Q/J
2
S values.
is obtained as
λˆSω =
(
3 0
0 7
)
, (61)
for X = S and ξ = ω. Then, eq. (22) yields
ΛˆSω = Uˆ
−1λˆSωUˆ =
(
5 −2
−2 5
)
. (62)
Both ΛˆS∆ and Λˆ
S
ω can be divided into interband and in-
traband scattering parts as follows:
ΛˆS∆ =
(
3 0
0 −3
)
+
(
2 −2
−2 2
)
,
ΛˆSω =
(
3 0
0 3
)
+
(
2 −2
−2 2
)
. (63)
If the intraband contribution, the second matrix on the
right-hand side of each equation, is removed, the inter-
band contribution results in the Tc enhancement for the
s± state, as discussed in §2.3.
In the same manner, the above argument is applied
to the quadrupolar (nonmagnetic) scattering case where
JS = 0 and JQ 6= 0 in eq. (50). For the ∆ˆ and iωl parts
in the self-energy,
Qc+∆ˆQ
c
− +Q
c
−∆ˆQ
c
+ = −12∆Aρˆ2σ2 + 12∆Bτˆ3ρˆ2σˆ2,
(64)
Qc+iωlQ
c
− +Q
c
−iωlQ
c
+ = 12iωl, (65)
respectively, and we obtain
ΛˆQ∆ =
( −12 0
0 12
)
, ΛˆQω =
(
12 0
0 12
)
. (66)
These lead to the Tc enhancement for the s++-wave state.
Next, we see the more generic treatment combining
both magnetic (S) and nonmagnetic (Q) scattering terms
as
τ¯12Λˆ(x) = cos ζ
[
f∆(x)Λˆ
S
∆ + fω(x)Λˆ
S
ω
]
+ sin ζ
[
f∆(x)Λˆ
Q
∆ + fω(x)Λˆ
Q
ω
]
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Fig. 4. Ratio f0/fs as a function of x = ∆CF/(2Tc).
=


[−5fs(x) cos ζ 2fs(x) cos ζ
+ 12f0(x) sin ζ]
{[3f0(x)− 2fs(x)] cos ζ
2fs(x) cos ζ −12fs(x) sin ζ}

 ,
(67)
in eq. (24), where
τ¯12 =
τS12τ
Q
12√(
τS12
)2
+
(
τQ12
)2 , tan ζ = J
2
Q
J2S
≡ κ, (68)
and the lifetime τS12 (τ
Q
12) is introduced for the magnetic
(nonmagnetic) scattering. The highest eigenvalue of τ¯12Λˆ
determines the quantity of
8Tc
π
τ¯12 log
Tc
Tc0
, (69)
and its x dependence is shown in Fig. 3. The Tc en-
hancement is obtained for its positive value, which holds
at x > 6.2 for κ = 0 and at x > 5.8 for κ = 1.0. In the
presence of only nonmagnetic scattering for κ =∞, Tc is
enhanced in the entire x > 0 range. The Tc suppression,
found for a small x or κ ≃ 0.25, is due to the compe-
tition between the magnetic and nonmagnetic exchange
scatterings and to the depairing effect by the intraband
scattering. Since f0/fs < 1, the condition for a positive
value of eq. (69) is given by
(−5fs + 12κf0)(3f0 − 2fs − 12κfs)− (2fs)2 < 0, (70)
the solution of which determines the minimum f0/fs as
a function of κ:(
f0
fs
)
min
=
1
24κ
[
(48κ2 + 8κ+ 5)
−
√
(48κ2 + 8κ+ 5)2 − 96κ(10κ+ 1)
]
. (71)
The x dependence of f0/fs and the κ dependence of
(f0/fs)min are shown in Figs. 4 and 5, respectively. At
both κ = 0.03 and κ = 0.75, for instance, eq. (71) takes
almost the same value, ≃ 0.51, which gives the minimum
x ≃ 14.5 for Tc enhancement, as shown in Fig. 3. The
maximum at κ = 0.25 in Fig. 5 indicates that there is no
Tc enhancement for any finite crystal-field level splitting,
implying that Tc is always suppressed by the competi-
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Fig. 5. κ (= J2Q/J
2
S) dependence of the minimum of the ratio
f0/fs for Tc enhancement.
tion between the magnetic and nonmagnetic scattering
effects. We also find that κ determines the relative signs
of the two order parameters: ∆+∆− < 0 for κ < 0.25
and ∆+∆− > 0 for κ > 0.25. The combination of ∆ˆA
(s++ wave) and ∆ˆB (s± wave) is caused by the intraband
scattering effect in the − band, due to the off-diagonal
elements in Λˆ(x), which leads to |∆−| < |∆+| in the
vicinity of Tc. At κ = 0.25, ∆− = 0 (∆A = ∆B) means
that only one band (+ band) is superconducting with
Tc suppression.
The above argument is based on a rather artificial
assumption about the local band character in eq. (53).
More generic treatment of Vˆ in eq. (52) provides us with
various scattering effects on Tc. This point is considered
for the singlet-triplet configuration discussed below.
3.3 Singlet-triplet configuration
The singlet-triplet configuration is realized for a non-
Kramers ion in an Oh crystal field environment like the
Pr3+ or U4+ f2 low-lying states in heavy-fermion materi-
als. For the strong spin-orbit coupling, the most relevant
local f -electron states are described by the j = 5/2 an-
gular momentum. Then, we consider only the exchange
coupling between the impurity states and the j = 5/2
electrons hybridized with conduction bands. We assume
here that the Γ8 and Γ7 partial waves (see Appendix C)
are transferred independently to the + and − bands,
respectively. In terms of eq. (C·6) for both Γ8 and Γ7,
ψm = (ψm1↑ ψm1↓ ψm2↑ ψm2↓ ψm3↑ ψm3↓)
t is com-
bined with ψb = (ψ+↑ ψ+↓ ψ−↑ ψ−↓)
t for the bands.
This is expressed by ψm = Vˆψb:
Vˆ =


v+u1↑ v+v1↑ 0 0
v+v1↓ v+u1↓ 0 0
v+u2↑ v+v2↑ 0 0
v+v2↓ v+u2↓ 0 0
0 0 v− 0
0 0 0 v−


. (72)
Here, v± represents the hybridization amplitude of the
f -orbitals and the µ = ± band, respectively, at the im-
purity sites;
ui↑ = 〈mi ↑ |+ ↑〉, vi↑ = 〈mi ↑ |+ ↓〉,
vi↓ = 〈mi ↓ |+ ↑〉, ui↓ = 〈mi ↓ |+ ↓〉 (73)
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represent the impurity site overlaps of the wave func-
tions ψmi,σ (i = 1, 2) and ψ+,σ. We only simplify the
connection between the m3 orbital and the − band.
In Appendix C, the relevant impurity scatterings are
described for the singlet-triplet configuration Γ1⊕Γ (Γ =
Γ4,Γ5). For H′ in eq. (C·23), the self-energy in Fig. 1 is
obtained as
ΣˆΓ(iωl) =− nimpT 2
∑
n6=n′
∑
ω1ω2
1
iω1 − δn
1
iω2 − δn′
×
∑
X=S,Q
(
JΓX
)2 1
Ω
∑
k
{
Xc,Γz Gˆ0X
c,Γ
z
+
1
2
[
Xc,Γ+ Gˆ0X
c,Γ
− +X
c,Γ
− Gˆ0X
c,Γ
+
]}
[Gˆ0 ≡ Gˆ0(iωl + iω1 − iω2,k)]. (74)
Here, δ1 (δ2) corresponds to the energy level of the impu-
rity singlet ground (triplet excited) state (n, n′ = 1, 2).
For the gap equation in eq. (24), the transformation to
∆ˆ in eq. (56),
Xc,Γz ∆ˆX
c,Γ
z +
1
2
(Xc,Γ+ ∆ˆX
c,Γ
− +X
c,Γ
− ∆ˆX
c,Γ
+ ), (75)
leads to
ΛˆS∆ = (−1)ΛˆQ∆ =
3
8
2∑
i=1
(ui↑ui↓ − vi↑vi↓)
( −1 0
0 1
)
,
(76)
in both Γ = Γ4 and Γ = Γ5 cases. For the derivation, we
use ui↑ui↓ = u
∗
i↑u
∗
i↓ and vi↑vi↓ = v
∗
i↑v
∗
i↓ since the mi↑ and
mi↓ local electrons are the time reversal partners. In the
same manner, for both Γ4 and Γ5,
Xc,Γz iωlX
c,Γ
z +
1
2
(Xc,Γ+ iωlX
c,Γ
− +X
c,Γ
− iωlX
c,Γ
+ ) (77)
gives
ΛˆSω = Λˆ
Q
ω =
3
16
2∑
i=1
∑
σ=↑,↓
(u∗iσuiσ + v
∗
iσviσ)
(
1 0
0 1
)
.
(78)
Equation (76) implies the competition between the mag-
netic (S) and nonmagnetic (Q) scattering effects for
Tc enhancement. Which has the higher Tc , the s++
wave or the s± wave, depends on whether the sign of
(ui↑ui↓ − vi↑vi↓) is positive or negative, respectively. In
realistic systems, both magnetic and nonmagnetic scat-
terings coexist. In the present case, we can calculate the
coupling constants, JΓS and J
Γ
Q, based on the Anderson
model including the j = 5/2 electron exchange scattering
due to a single impurity in the f2 configuration,30) and
obtain the ratio as |JΓQ|/|JΓS | = 1/3.31) This means that
the magnetic interband scattering dominates the Tc en-
hancement for the singlet-triplet configuration. A more
detailed discussion is given below.
4. Pr Impurity Effect in LaOs4Sb12 Supercon-
ductor
The Pr3+ f2 configuration is a good candidate for
raising Tc if Pr can be embedded in a multiband su-
perconductor. In fact, for the skutterudite superconduc-
tor La1−xPrxOs4Sb12, the Pr singlet-triplet configura-
tion may be relevant to Tc enhancement in LaOs4Sb12.
25)
Here, we show an attempt to apply the above argument
in this case. The most intriguing feature of the skut-
terudite compounds is that each rare-earth ion is located
at the center of the pnictogen cage (Sb12) having the
au(xyz) and tu(x, y, z) molecular orbitals. It is consid-
ered that the Pr f -electron states hybridize with the
conduction bands via these orbitals. For a strong spin-
orbit coupling, the au electrons have the Oh Γ7 symmetry
and transfer directly to the m3 electron state named in
eq. (C·6). On the other hand, the tu electrons with the
Oh Γ8 symmetry mix with both m1 and m2 states as
32)
|m1, ↑〉 ↔ 1√
2
(|x, ↓〉 − i|y, ↓〉), (79)
|m1, ↓〉 ↔ − 1√
2
(|x, ↑〉+ i|y, ↑〉), (80)
|m2, ↑〉 ↔ 1√
3
[√
2|z, ↑〉 − 1√
2
(|x, ↓〉+ i|y, ↓〉)
]
, (81)
|m2, ↓〉 ↔ 1√
3
[√
2|z, ↓〉+ 1√
2
(|x, ↑〉 − i|y, ↑〉)
]
. (82)
We here consider two conduction bands, one of which is
au-dominant and the other is tu-dominant. We assume
that both are combined with each other only through
interband electron scattering. In the present case, the
most relevant is the Pr impurity scattering due to the
hybridization effect with the bands. Then, we can use
the transformation in eq. (72) for mixing f -electron
states with the tu-dominant band (+ band) and the au-
dominant band (− band). Choosing the local tu(x, y, z)
component that mainly contributes to the + band and
taking their onsite overlaps arbitrarily as
〈x|+〉 : 〈y|+〉 : 〈z|+〉 = sin θ cosφ : sin θ sinφ : cos θ,
(83)
we have
u1↑ = u1↓ = 0,
v1↑ = (1/
√
2) sin θ eiφ, v1↓ = −(1/
√
2) sin θ e−iφ,
u2↑ = u2↓ = (
√
2/3) cos θ,
v2↑ = −(1/
√
6) sin θ e−iφ, v2↓ = (1/
√
6) sin θ eiφ.(84)
Substituting them in eqs. (76) and (78), we obtain
ΛˆS∆ = (−1)ΛˆQ∆ =
1
4
( −1 0
0 1
)
, (85)
ΛˆSω = Λˆ
Q
ω =
1
4
(
1 0
0 1
)
. (86)
In the gap equation (24), we have
Λˆ(x) =
1
4τS12
(
f0(x) 0
0 −fs(x)
)
+
1
4τQ12
( −fs(x) 0
0 f0(x)
)
. (87)
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In the real system, we must consider the Th symme-
try that combines the Pr Oh Γ4 and Γ5 triplet states
as31, 33, 34)
|Γ(2)4 η〉 =
√
1− d2|Γ5η〉+ d|Γ4η〉 (η = +, 0,−), (88)
where d (0 < d < 1/
√
2) represents the deviation from
the Oh symmetry. In the above calculation of the self-
energy, we usually have additional terms, namely,[
Xc,Γ4z ∆ˆX
c,Γ5
z +
1
2
(Xc,Γ4+ ∆ˆX
c,Γ5
− +X
c,Γ4
− ∆ˆX
c,Γ5
+ )
]
+ (Γ4 ↔ Γ5) (Xc = s, q),
(89)
which vanish in this case. They also vanish when ∆ˆ is
replaced with iω. If the au band hybridizes with the f -
orbitals more strongly than the tu band, which means
v− ≫ v+ here, the impurity interband scattering en-
hances Tc for a finite crystal-field splitting x [= (δ2 −
δ1)/(2Tc)], satisfying either f0/fs > τ
S
12/τ
Q
12 or f0/fs >
τQ12/τ
S
12. For the former, the Tc enhancement is possible
in the s++-wave state, and a higher Tc can be realized as
the magnetic scattering becomes more dominant. In §3.3,
we have mentioned that |JQ|/|JS | = 1/3 (τS12/τQ12 = 1/9)
is satisfied for Oh. It also holds for Th,
31) so that the
gap equation chooses the s++ wave for the Tc enhance-
ment. One may think that the quadrupolar scattering is
the most relevant if d is small in eq. (88), since the Γ1-
Γ5 interchange dominates the exchange scattering. For
the Γ5 scattering type, however, the octupolar scattering
cannot be neglected in the multiorbital exchange owing
to the hybridization of f -electrons with the conduction
bands. Thus, the magnetic scattering can contribute to
the Tc enhancement for the Γ1-Γ
(2)
4 configuration in a
multiband system. Our result indicates that the s++-
wave state is favorable for the La1−xPrxOs4Sb12 super-
conductivity if the multiband picture is applicable and
the Pr or Sb12 site local orbital symmetries reflect in the
bands.
Finally, we mention the effect of intraband scattering
neglected in the above argument where v− ≫ v+ is as-
sumed for the hybridization amplitudes. If the m1-m2
scattering terms in eqs. (C·17) and (C·18) are consid-
ered in calculating the self-energy for the Γ5 nonmagnetic
scattering type, a correction term,
Cv
1
τQ12
f0(x)
(
1 1
1 1
) (
Cv ∼
v2+
v2−
)
, (90)
is added on the right-hand side in eq. (87). It assists the
Tc enhancement, which resembles the effect of inelastic
nonmagnetic scattering impurities in single-band s-wave
superconductors.
5. Conclusion
We have studied inelastic (dynamical) impurity scat-
tering effects on Tc enhancement in the two-band su-
perconducting states, s++ wave and s± wave. The key
is to check the sign change of the order parameters in
the self-energy corresponding to the second order of the
scattering process. We solve a gap equation, where both
the s++ wave and s± wave are combined by impurity
scattering, and find out the possible atomic structure of
the impurity that increases Tc. For the Tc enhancement,
the crystal-field ground state must be a singlet or a non-
magnetic doublet. If not, magnetic impurities will always
cause Tc suppression. For the s± wave, it is necessary for
elastic (nonmagnetic) scattering to be relatively small. In
the singlet-singlet configuration, we can easily determine
what type of magnetic interband scattering contributes
to pairing interaction. This simple analysis is very useful
for determining a scattering type for the Tc enhancement
among multiorbital interaction terms when we consider
such a complicated atomic structure as the fn configu-
ration. Here, we have discussed the singlet-doublet and
singlet-triplet configurations. We find that the Tc of ei-
ther the s++-wave or s±-wave state can be enhanced by
the dynamical magnetic or nonmagnetic impurity inter-
band scattering for a larger crystal-field splitting of im-
purity ground and excited states, while Tc is suppressed if
both scattering strengths are comparable. Whether Tc is
enhanced or not also depends on how the local electron
states hybridize with the two bands. We show a case of
Tc enhancement in the s++ wave by magnetic interband
scattering due to the singlet-triplet configuration. This
result may give useful information on a multiband pic-
ture of the La1−xPrxOs4Sb12 superconductivity. In fact,
the connection between the La-rich and Pr-rich super-
conductors is left to be clarified as well as the symmetry
of the latter order parameter.35)
In the above argument, we have assumed weak scat-
tering impurities. Strictly speaking, dynamical scatter-
ing effects should be investigated as a Kondo problem.
It was shown theoretically in normal metallic cases that
the impurity exchange scattering strength is renormal-
ized to be weaker with the decrease in temperature since
the crystal-field singlet competes with the Kondo-singlet
formation.29, 36–38) This holds even for a small crystal-
field splitting of the singlet ground and excited multiplet
states. Thus, our results shown here are valid for the
Tc enhancement due to the impurity scattering.
Throughout the paper, we focus on the hybridization
between local orbitals and conduction electron states. For
most of the f -electron systems, this may be more rele-
vant than the admixture of orbitals formed by intersite
electron hopping that we have neglected here. Our treat-
ment is more practical since the latter contribution can
be included effectively in the hybridization.
The possibility of the s±-wave state has been the sub-
ject of debate for high-Tc superconductors with FeAs lay-
ers. It is pointed out that the Fe d-orbitals contribute
to the disconnected Fermi surfaces and the orbital de-
grees of freedom play an important role in pairing in-
teraction.8) The interband Coulomb interactions may be
relevant for the high Tc of this multiband superconduc-
tivity,28, 39, 40) the roles of which are analogous to those of
the local correlations in the f -electron systems we have
considered here.
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Appendix A: Connection between the s±-Wave
and Conventional s-Wave Super-
conductors
We attempt to apply the unitary transformation(
ψ+,σ
ψ−,σ
)
=
1√
2
(
1 1
−1 1
)(
ψMσ
ψ−Mσ
)
(A·1)
to the band basis, where M is a natural number. Using
this new basis set, ψM = (ψM↑ ψM↓ ψ−M↑ ψ−M↓)
t,
Uˆzmn in eq. (40) is transformed as
Uˆzmn → −Mzmn


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1


M space
.
(A·2)
If the number M is regarded as an orbital component,
this matrix indicates a quadrupole type of scattering. In
fact, ψM=1 corresponds directly to ψj=3/2 in §3.1. In
this case, the matrix in eq. (A·2) is expressed by (2j2z −
j2x − j2y).
On the other hand, for the conventional single-band s-
wave superconductivity, the pairing Hamiltonian is given
by
H∆ = −
∑
k
∆
(
c†
k↑c
†
−k↓ + c−k↓ck↑
)
. (A·3)
After applying spherical expansion to the operators as
ckσ =
∑
LM
i−L
(6π)1/2
kR
YLM (Ωk)ckLMσ , (A·4)
where R is the radius of the system, we rewrite the
Hamiltonian (A·3) as
H∆ = −
∑
k
∑
L,M≥0
(−1)M∆
×
(
c†kLM↑c
†
kL,−M↓ + ckL,−M↓ckLM↑
)
. (A·5)
This orbital component M can correspond to M in
eq. (A·1) directly. The pairing interaction works between
the electrons with the different orbitals denoted by ±M .
Let us fix L and restrict the orbitals to a pair of ±M . If
ψMσ is transformed to ψµσ using eq. (A·1), eq. (A·5) is
reduced to
H∆ = −
∑
µ=±
∑
k
(−1)Mµ∆
(
c†kµ↑c
†
kµ↓ + ckµ↓ckµ↑
)
.
(A·6)
It represents s±-wave pairing in the two orbitals con-
nected to the µ bands.
Thus the spin-dependent interband scattering in
eq. (40) in a two-band s±-wave superconductor can be
mapped to the quadrupole type of scattering in eq. (A·2)
in a single-band s-wave superconductor. Both cases give
rise to the Tc enhancement if the electron scattering in-
terchanges the impurity low-lying states with a finite
crystal-field splitting.
Appendix B: Exchange Matrices for Singlet-
Doublet Configuration
At low temperatures, the most relevant terms in
eq. (50) are electron scatterings with interchange be-
tween the local ground and excited states given by
JS
[
SIxS
c
x + S
I
yS
c
y
]
+ JQ
[
QI1Q
c
1 +Q
I
2Q
c
2
]
. (B·1)
Using S± = Sx±iSy and Q± = ±iQ1+Q2, it is rewritten
as
JS
2
[
SI+S
c
− + S
I
−S
c
+
]
+
JQ
2
[
QI+Q
c
− +Q
I
−Q
c
+
]
. (B·2)
By denoting SIz = 0 (the impurity ground state) and
SIz = 1,−1 (the impurity excited states) by |1〉, |2〉, and
|3〉, respectively, the (SI±)mn and (QI±)mn (m,n = 1, 2, 3)
matrix expressions are given as
SI+ = S
I†
− =

 0 0
√
2√
2 0 0
0 0 0

 , (B·3)
QI+ = Q
I†
− =

 0 0 −
√
2√
2 0 0
0 0 0

 . (B·4)
For the Sc = 3/2 states, the operators Sc+ = S
c†
− and
Qc+ = Q
c†
− are expressed by
ψ
c†Sc+ψ
c = ψc†


0
√
3 0 0
0 0 2 0
0 0 0
√
3
0 0 0 0

ψc, (B·5)
ψc†Qc+ψ
c = ψc†


0 2
√
3 0 0
0 0 0 0
0 0 0 −2√3
0 0 0 0

ψc. (B·6)
Following eq. (26), we examine the low-temperature
physics using the impurity interaction Hamiltonian
H′ =
∑
X=S,Q
∑
Rγ
∑
mn
∫
dra†γmaγnδ(r −Rγ)
×Ψ†(r)JX
2
(
X I+,mnX
c
− +X
I
−,mnX
c
+
)
Ψ(r).
(B·7)
Here, Ψ is an eight-dimensional vector for conduction
electrons that is obtained by extending ψb in eq. (52) to
the particle-hole space as
Ψ =
(
Ψ+
Ψ−
)
, Ψ† =
(
Ψ
†
+ Ψ
†
−
)
, (B·8)
where Ψµ (µ = +,−) is defined in eq. (28). Through
Vˆ in eq. (53) in this extended space (Pauli matrices σˆ
for spin, ρˆ for particle hole, and τˆ for band), the above
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electron scattering matrices are rewritten as
Sc+ =
√
3
2
τˆ1(ρˆ3σˆ1 − iσˆ2) + 1
2
(1− τˆ3)(ρˆ3σˆ1 + iσˆ2),
(B·9)
Qc+ =
√
3(iτˆ2)(σˆ1 − iρˆ3σˆ2), (B·10)
where |V0|2 has been omitted. One can see that Sc± con-
sists of the interband scattering τ1 and intraband scatter-
ing (1−τˆ3) terms. The former is comparable to (Uˆx−iUˆy)
in eq. (32).
Appendix C: Exchange Matrices for Singlet-
Triplet Configuration
On the basis of the J = 4 total angular momentum,
the Oh singlet and triplet states are given by
34)
|Γ1〉 =
√
30
12
(|4〉+ | − 4〉) +
√
21
6
|0〉, (C·1)

|Γ4+〉 = −
√
1
8
| − 3〉 −
√
7
8
|1〉,
|Γ40〉 =
√
1
2
(|4〉 − | − 4〉),
|Γ4−〉 =
√
1
8
|3〉+
√
7
8
| − 1〉,
(C·2)


|Γ5+〉 =
√
7
8
|3〉 −
√
1
8
| − 1〉,
|Γ50〉 =
√
1
2
(|2〉 − | − 2〉),
|Γ5−〉 = −
√
7
8
| − 3〉+
√
1
8
|1〉.
(C·3)
For the j = 5/2 local electrons, they are classified into
the Oh symmetric states as
32)

|Γ8,3/2〉 = −
√
1
6
|3/2〉 −
√
5
6
| − 5/2〉,
|Γ8,1/2〉 = |1/2〉,
|Γ8,−1/2〉 = −| − 1/2〉,
|Γ8,−3/2〉 =
√
1
6
| − 3/2〉+
√
5
6
|5/2〉,
(C·4)


|Γ7,1/2〉 =
√
5
6
| − 3/2〉 −
√
1
6
|5/2〉,
|Γ7,−1/2〉 =
√
5
6
|3/2〉 −
√
1
6
| − 5/2〉.
(C·5)
In the following argument, we change their notations as
Γ8,−3/2 → (m1, ↑), Γ8,3/2 → (m1, ↓),
Γ8,1/2 → (m2, ↑), Γ8,−1/2 → (m2, ↓);
Γ7,1/2 → (m3, ↑), Γ7,−1/2 → (m3, ↓). (C·6)
In the same manner as that in eq. (B·3) for an impurity,
the magnetic coupling between the Γ1 singlet ground (de-
noted by |1〉) and Γ (= Γ4,Γ5) triplet (+, 0 and − states
denoted by |2〉, |3〉 and |4〉, respectively) excited states
is expressed by the following matrices:31)
SΓz =


0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

 , (C·7)
SΓ+ = S
Γ†
− =


0 0 0
√
2
−√2 0 0 0
0 0 0 0
0 0 0 0

 . (C·8)
For nonmagnetic coupling,
QΓz =


0 0 −i 0
0 0 0 0
i 0 0 0
0 0 0 0

 , (C·9)
QΓ+ = Q
Γ†
− =


0 0 0 −√2
−√2 0 0 0
0 0 0 0
0 0 0 0

 . (C·10)
We note that the relative signs of the off-diagonal matrix
elements are different between SΓ± (Q
Γ
±) for the pseudo-
quartet and SI± (Q
I
±) for the S
I = 1 pseudo-spin given
in eq. (B·3) [in eq. (B·4)]. The singlet-triplet interchange
processes are mediated by the corresponding Γ8 and Γ7
electron scatterings as follows:31)
ψ†ms
Γ4
z ψm =
1
2
(ψ†m1↑ψm3↑ + ψ
†
m1↓
ψm3↓) + H.c., (C·11)
ψ
†
ms
Γ4
+ ψm =
1
2
(−ψ†m1↑ψm3↓ + ψ
†
m3↑
ψm1↓)
+
√
3
2
(ψ†m2↓ψm3↑ − ψ
†
m3↓
ψm2↑), (C·12)
ψ†ms
Γ5
z ψm =
1
2
(ψ†m2↑ψm3↑ + ψ
†
m2↓
ψm3↓) + H.c., (C·13)
ψ
†
ms
Γ5
+ ψm =
1
2
(−ψ†m2↑ψm3↓ + ψ
†
m3↑
ψm2↓)
+
√
3
2
(−ψ†m1↓ψm3↑ + ψ
†
m3↓
ψm1↑), (C·14)
ψ†mq
Γ4
z ψm = −i
1
2
(ψ†m1↑ψm3↑ + ψ
†
m1↓
ψm3↓) + H.c.,
(C·15)
ψ†mq
Γ4
+ ψm =
1
2
(ψ†m1↑ψm3↓ + ψ
†
m3↑
ψm1↓)
+
√
3
2
(−ψ†m2↓ψm3↑ − ψ
†
m3↓
ψm2↑), (C·16)
ψ†mq
Γ5
z ψm = −i
{
1
2
(ψ†m2↑ψm3↑ + ψ
†
m2↓
ψm3↓)
+2
√
5(ψ†m1↑ψm2↑ − ψ
†
m1↓
ψm2↓)
}
+H.c.,
(C·17)
ψ†mq
Γ5
+ ψm =
1
2
(ψ†m2↑ψm3↓ + ψ
†
m3↑
ψm2↓)
+
√
3
2
(ψ†m1↓ψm3↑ + ψ
†
m3↓
ψm1↑)
+ 4
√
5(ψ†m1↑ψm2↓ − ψ
†
m2↑
ψm1↓). (C·18)
In §3.3, we assume v− ≫ v+ for the hybridization with
the conduction band in eq. (72), i.e., we neglect the m1-
m2 orbital scattering terms in eqs. (C·17) and (C·18),
whose contribution is small in the band scattering. Using
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the transformation in eq. (72), the above multiorbital
scattering operators are reduced to interband scattering
operators. For the Γ4 type,
ψ
†
bs
Γ4
z ψb = ψ
†
b
1
2


0 0 u∗1↑ v
∗
1↓
0 0 v∗1↑ u
∗
1↓
u1↑ v1↑ 0 0
v1↓ u1↓ 0 0

ψb,
(C·19)
ψ
†
bs
Γ4
+ ψb = ψ
†
b
1
2


0 0
√
3v∗2↓ −u
∗
1↑
0 0
√
3u∗2↓ −v
∗
1↑
v1↓ u1↓ 0 0
−
√
3u2↑ −
√
3v2↑ 0 0

ψb,
(C·20)
ψ
†
bq
Γ4
z ψb = ψ
†
b
(
−i 1
2
)
0 0 u∗1↑ v
∗
1↓
0 0 v∗1↑ u
∗
1↓
−u1↑ −v1↑ 0 0
−v1↓ −u1↓ 0 0

ψb,
(C·21)
ψ†bq
Γ4
+ ψb = ψ
†
b
1
2


0 0 −
√
3v∗2↓ u
∗
1↑
0 0 −
√
3u∗2↓ v
∗
1↑
v1↓ u1↓ 0 0
−
√
3u2↑ −
√
3v2↑ 0 0

ψb,
(C·22)
where (v+v−), which appears as the common factor in
each matrix element, has been omitted. For the Γ5 type,
sΓ5z is obtained by switching the indices as 1↔ 2 in the
sΓ4z matrix, and s
Γ5
+ by replacing
√
3 → −√3 in addi-
tion to switching 1 ↔ 2 in the sΓ4+ matrix; qΓ5z and qΓ5+
are obtained from qΓ4z and q
Γ4
+ , respectively, in the same
manner. We note that sΓ4z in eq. (C·19) is comparable to
Uˆzmn in eq. (40) if u1↑ = −u1↓ = u∗1↑ = −u∗1↓ and v1σ = 0
are taken; qΓ4z in eq. (C·21) is comparable to Uˆmn in
eq. (46) for u1↑ = u1↓ = u
∗
1↑ = u
∗
1↓ and v1σ = 0. These
scatterings, whichever is magnetic or nonmagnetic, con-
tribute to Tc enhancement in the s±-wave state. As dis-
cussed in §3.3, whether Tc is enhanced or suppressed by
the interband scattering for the s± wave and also for the
s++ wave depends on the details of electron transfer, uiσ
and viσ, between the f -orbitals and conduction bands at
an impurity. As in eq. (B·7), we introduce the impurity
interaction Hamiltonian for the singlet-triplet configura-
tion for the Γ (= Γ4,Γ5) scattering,
H′Γ =
∑
X=S,Q
∑
Rγ
∑
mn
∫
dra†γmaγnδ(r −Rγ)
×Ψ†(r)JΓX
[
XΓz,mnX
c,Γ
z
+
1
2
(
XΓ+,mnX
c,Γ
− +X
Γ
−,mnX
c,Γ
+
)]
Ψ(r),
(C·23)
where the band electron scattering operators
Sc,Γ = sΓ, Qc,Γ = qΓ, (C·24)
are rewritten on the basis of the eight-dimensional vector
Ψ in eq. (B·8).
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